Eur Biophys J (2006) 35: 410423
DOI 10.1007/s00249-006-0048-8

ARTICLE

Victor V. Skakun - Eugene G. Novikov
Vladimir V. Apanasovich - Hans J. Tanke
André M. Deelder * Oleg A. Mayboroda

Initial guesses generation for fluorescence intensity distribution analysis

Received: 6 October 2005/ Revised: 9 January 2006/ Accepted: 19 January 2006 / Published online: 28 March 2006

© EBSA 2006

Abstract The growing number of applications of Fluo-
rescence Intensity Distribution Analysis (FIDA) de-
mands for new approaches in data processing, aiming at
increased speed and robustness. Iterative algorithms of
parameter estimation, although proven to be universal
and accurate, require some initial guesses (IG) of the un-
known parameters. An essential component of any data
processing technology, IG become especially important in
case of FIDA, since even with apparently reasonable, and
physically admissible but randomly chosen IG, the itera-
tive procedure may converge to situations where the
FIDA model cannot be evaluated correctly. In the present
work we introduce an approach for IG generation in
FIDA experiments based on the method of moments. IG
are generated for the sample parameters: brightness,
concentration, and for the parameters related to experi-
mental set-up: background, observation volume profile.
A number of analytical simplifications were introduced in
order to increase the accuracy and robustness of the
numerical algorithms. The performance of the developed
method has been tested on number of simulations and
experimental data. Iterative fitting with generated IG
proved to be more robust and at least five times faster than
with an arbitrarily chosen IG. Applicability of the pro-
posed method for quick estimation of brightness and
concentrations is discussed.
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Introduction

Fluorescence fluctuation spectroscopy (FFS) is a group of
methods capable of using small spontaneous variations of
the fluorescence intensity as a source of information
about physico-chemical parameters of the measured
sample. One of the best-known realizations of FFS is
Fluorescence Correlation Spectroscopy (FCS) (Magde
et al. 1972, 1974; Elson and Magde 1974; Rigler et al.
1993; Hess et al. 2002). In FCS, the autocorrelation
function of fluorescence intensity is used to obtain infor-
mation about the number and average residence time of
the molecules in the observation volume. Although FCSis
a robust and reliable method, it has some limitations,
especially when questions on interaction between mole-
cules are raised. If two species of molecules have to be
differentiated on the basis of autocorrelation function
analysis, the difference in molecular weight has to be at
least a factor of 5-8, depending on the type of molecules,
the solvent and the fluorescence intensity (Meseth et al.
1999). The second major limitation of FCS is its inability
to evaluate correctly cases where molecules have different
molecular brightness (e.g. in the case of proteins dimer-
ization) (Kask et al. 2002).

To address these shortcomings of FCS another
method, known as Fluorescence Intensity Distribution
Analysis (FIDA) (Kask et al. 1999) or Photon Count
Histogram (PCH) (Chen et al. 1999) has been proposed:
an acquired trace of photon arrival times is divided in
short time intervals (time window) and a frequency
histogram of photon numbers a photon counting dis-
tribution (PCD) detected within a given time window is
constructed and fitted by the theoretical model, reveal-
ing the number of particles and their average molecular



brightness value. Thus, FIDA differentiates species on
the basis of their molecular brightness rather than
molecular weight. It has been shown that even without
detailed knowledge of the physico-chemical conditions
of the sample FIDA is capable of resolving brightness
ratio’s of two from a single measurement (Miiller et al.
2000; Kask et al. 2002) and therefore experimental
evaluation of dimerization or aggregation phenomena
can be addressed. The feasibility of FIDA has also be-
come evident from a number of extensions of the
method, such as 2D-FIDA (Kask etal. 2000),
FIMDA for the simultaneous determination of diffusion
coefficients and specific brightness values (Palo et al.
2000), and FILDA combining FIDA and fluorescence
lifetime measurements (Palo et al. 2002).

Data analysis of both FIDA and PCH implies fitting
a theoretical model to the experimental PCD (to avoid
misunderstanding, we will refer here to the PCD as a
name of measured statistical characteristic and FIDA
and PCH as names of analysis methods). In general,
iterative methods, in which a new set of parameters is
generated on the basis of available initial guesses (IG),
are used (Johnson and Faunt 1992). If IG are in close
proximity to the unknown parameters, they can signifi-
cantly increase the efficiency and accuracy of the fit, and
if the target criterion surface has a complex shape with
many local minima, the possibility to reach global
minima directly depends on the quality of the IG.
Moreover, for a certain combination of parameters the
FIDA model cannot be numerically evaluated (leading
to division by zero, numerical overflow, etc.). And last,
but not the least, implementation of FIDA implies
application of Fast Fourier Transformation (FFT): the
theoretical model is initially calculated in the frequency
domain and is then converted into PCD. Since the fre-
quency domain is always restricted, this leads to dis-
tortions of the resulting PCD. Ten times increase of
concentration or brightness often moves PCD away
from the model domain.

There are also practical reasons to pay special
attention to IG generation for the FIDA model. FIDA
was proposed as a possible platform for development of
high throughput screening methods (Kask et al. 1999,
2000; Palo et al. 2000, 2002). Indeed, the selectivity of
fluorescence technologies and their sensitivity may well
be used for high throughput screening, but also demand
implementation of fast and reliable parameter minimi-
zation algorithms, which, in turn, require correct IG to
decrease the number of iterations and to speed up data
processing. It is also important that a reliable algorithm
of IG generation reduces user participation and thereby
leads to a more standardized procedure.

Here we propose a fast and effective method of IG
generation for the FIDA model. It is based on the sta-
tistical method of moments and will simplify, speed up
and increase the numerical and statistical robustness of
FIDA analysis especially in a situation where multiple
samples have to be quickly evaluated as is for instance
the case in high throughput screening. The developed
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method of IG generation can be also used independently
for quick estimation of brightness and concentrations.

Theory
Method of moments

Method of moments (Korn and Korn 1968) is widely
used in statistics to estimate parameters for any proba-
bility distribution, for which the necessary amount of
moments can be generated. According to this method
theoretically obtained moments M= M, (1, 12, ..., M)
are equalized to the experimentally obtained ones M; :

Mi(n1,12, - M) (1)

where 71, 1o, ..., 1,, 1s a set of unknown parameters. The
solution of system of (1) yields the estimations for #,, 75,

cees N

=M, k=1,2,....,m

Moments of probability distribution

Theoretical moments are defined via probability distri-
bution P(n) (Korn and Korn 1968).

= anP(n)
n=1

Method of moments can also be reformulated in terms
of factorial moments Fj. or factorial cumulants K} that
may lead to considerable simplification in further
mathematical derivations. To calculate theoretical fac-
torial moments and factorial cumulants it is convenient
to introduce the concept of generating function. The
generating function is given by (Korn and Korn 1968).

=3P
n=0

where & is trial variable, and the factorial moments and
factorial cumulants can be calculated as generating
function derivatives

(2)

(3)

d‘G(¢
r=L99 @
di =1
&mGé
k =L ee (5)
d &=1
respectively. Experimental moments are defined as
My = anp “( (6)

where P*(n) is the normalized PCD, i.e. the measured
probability to detect n photons within a counting time
interval T, the angular brackets indicate averaging over
the set of probabilities P*(n), n=0,1, ..., m. Experimental
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factorial moments and factorial cumulants are defined
as:

Fr=<nn—1)...n—k+1)>
= n(n—=1)...(n—k+ 1)P*(n), (7)
n=k
and
k-1
- - k—1\ - - k—1 ;
K, = F, — ; ( - )KkiF[,where< - > =Ci_,
(k=1
S ilk—i— 1)
(8)
For instance, the first four factorial moments read
Fi = (n) =M,

B = (nfn — 1)) = ) — (m) = My — My,
F=(n(n—=1)(n=2)) = (n’) = 3(n*) +2(n)

= M5 — 3M, + 2M,,
Fy=(n(n—1)(n—2)(n-3))

= (n*) — 6(n®) + 11(n*) — 6(n)

=My — 6M; + 11M, — 6M,

and the corresponding factorial cumulants take the form

Ky =F =M,
Ky=F —-KF=F-F,
Ky = Fy— 2KoFy — K\ Fy = Fy — 3R Fy + 2F}

Ky = Fy — 3K3F) — 3K P>
— 3F} — 6F}.

— Ki\F; = Fy + 12F}F, — 4FF;

Analysis of fluorescence fluctuation moments

Introducing the method of moments to the field of FFS
Qian and Elson proposed the following system of
equations (Qian and Elson 1990a, 1990b):

(@) =1 Z gici

<A(D2> = }’22 q, Ci

(AD%) = 732 gici ’ ®)
<A(D4> <A(D2> = X4Z (I?Ci

where (4 @ ) are central moments of fluorescence
intensity of order k, 7. =] B* () dris an integral over the
observation volume, and ¢; and ¢; are the mean number
of photons detected in a time interval and the mean
number of particles of ith component in the open
observation volume, respectively. System of equations 9

represents the first four cumulants of fluorescence
intensity. Using the aggregation process as a model,
Qian and Elson have shown that only three first mo-
ments are necessary to resolve a two-component mixture
(Qian and Elson 1990b).

Moments calculated from fluorescence intensity are
not identical to those calculated from photon arrival
times: shot noise effects have to be taken into account.
For that, the factorial moments of a number of photon
counts n (Qian 1990; Qian and Elson 1990a) can be used:

2(n)
(An*y — 6(An®) + 11{An?)
—3(An?)? — 6(n),

where (An* Y=Y o (n — (n Y P(n) are central mo-
ments of order k.

The recently introduced Fluorescence Cumulant
Analysis (FCA) (Muller 2004) extends Qian and Elson’s
method to an arbitrary number of cumulants

Ki = sz Ciqgc'
i

Although, Qian and Elson’s approach is simple and
describes the experimental situation well, it is of little use
for 1G generation for the FIDA model. FIDA uses a
different approximation of observation volume and ac-
counts for the background count rate of detector, and
therefore one has to calculate IG for three additional
parameters.

(A7) = (
(ADY) = (An’) — 3(An?) + (10)
(ADT) =3

(A% =

(11)

Model of fluorescence intensity distribution

The generating function of probability of detecting n
photons P(n) emitted by a number of fluorescent mole-
cules situated in an inhomogeneous observation volume
V' at equilibrium state during counting time interval T
can be written as (Evotec Int Patent 1998; Kask et al.
1999)

G(&) = exp / {exp (¢ — DgTB()] — 1}V |, (12)

where ¢ is a concentration expressed in terms of a
mean number of molecules in the observation volume,
q is a specific brightness of molecules represented by a
mean number of photons per counting time interval
per molecule, B(r) is brightness profile function, which
is the product of excitation intensity and detection
efficiency and is a function of spatial coordinates r.
It is assumed that the contribution of each single
molecule to the recorded photon trace is independent,
the diffusion is negligible during the counting time
interval 7T, and effects of saturation and triplet state
are neglected.



One of the key features of the approach proposed by
Evotec is a flexible model for brightness profile function
B(r), allowing an approximation of a broad spectrum of
confocal volume shapes
dv B
i Ao(x + ax? + bx’),x =In {?2)] ,
where Ay, a, b are instrumental parameters and By is the
value of B(r) at r equal 0. By and A, are calculated from
a system of normalization equations:

fB(r)dV =1,
fBz(r)dV =1.

(13)

(14)

Equation 12 can be extended for the case where the
investigated sample consists of molecules with different
brightness characteristics and where the contribution of
a background noise to the data is not fully eliminated
(Kask et al. 1999)

G(¢) =exp
+ch/ {exp [(¢ = 1)g;TB(r)] — 1}‘”’)7 (15)

where jis an index of a molecular species and / is the mean
background count rate of detector. Replacing ¢ by e'?
converts the generating function to the characteristic
function. As the probability distribution and its charac-
teristic function are interlaced by the Fourier transform,
P(n) can be calculated from (15) using inverse FFT

P(n) = FFT'(G(e")).

(&= 1)iT

(16)

Materials and methods
Sample preparation

Alexa 488 maleimide was purchased from Molecular
Probes (Molecular Probes Europe BV; The Netherlands)
and mouse Fab2-Cy2 from Amersham (The Nether-
lands). A mouse IgG was fluorescently labelled with
Alexa 488 according to the manufacturer’s recommen-
dation. A detailed overview of production and charac-
terization of monoclonal antibodies used in the present
study has been published before (Deelder et al. 1996;
Remoortere et al. 2000).

Instrumentation
FCS setup and measurements

All measurements were carried out with a ConfoCor 2
System (Zeiss, Germany) equipped with Zeiss Neofluar
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(40x 1.2 N.A.) water immersion objective as focusing
optics. The 488 nm line of the Argon-ion laser was used
for excitation. As a sample carrier glass-bottom 96-well
plates (Polyfiltronics, USA) were used. PBS (0.035 M
phosphate, 0.15 M NaCl, pH 7.6) was used as a solvent.

Simulation of PCD. PCD has been simulated by the
calculation of a noise-free curve and the addition of the
proper noise to each point of the calculated curve (De-
mas 1983). Statistical noise of the experimental PCD can
be well characterised by the Binomial distribution:

M! ! M-I
(17)
where p is the probability of receiving n photons during
bin time 7 and M is total number of bins. The mean pu
and the variance ¢ * of the binomial distribution are
given by u=Mp and ¢ >= Mp(1 — p), respectively. Thus,
in order to generate each point i of noisy PCD one first
has to calculate the theoretical PCD P(i) defined by (15)
and (16) and then at each point generate the Binomial
random number with given M and p= P(i). Straight-
forward application of (17) is unpractical for large M, so
an approximation has to be used instead. For a typical
FFS experiment the measured PCD may vary over
several orders of magnitude. For large M P(i) (in practice
when MP(i) > 30) the normal distribution with mean
MP(i) and standard deviation MP(@)(1 — P(i))
approximates Binomial distribution well (Korn and
Korn 1968) (in order to reproduce real measurements
the generated values must be rounded off to the nearest
integer). For smaller M P(i), where M is still large and
P(i) is relatively small the Poisson approximation with
parameter M P(i) may be used (Korn and Korn 1968).
The signal to noise ratio (S/N), defined as S/N=pu/c
(Koppel 1974), is taken usually as an initial parameter
for noisy curve simulation. If S/N is taken at the maxi-
mum of the simulated curve pn.x = max(P(i)), this re-
sults in !

S/N = \/MpmaX/(l — Pmax),
and thus

M = (S/N)2(1 _Pmax)/pmax-

(18)

(19)

It is practical to use the number of counts at the maxi-
mum (V) of the simulated curve for S/N estimation.
Then, M is given by M=V .«/Pmax and consequently

S/N: Vmax/(l _pmax)-
Data analysis
PCD were calculated from ConfoCor2 raw data with

FCS Data Processor 1.3 (http://www.SSTCenter.com).
A homemade software realization of the FIDA model
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was used for analysis of the obtained PCD. The fitting
procedure is based on the Marquardt—Levenberg non-
linear least squares algorithm (Marquardt 1963). The
goodness of the fit is judged by reduced »* criterion and
visual inspection of the weighted residuals. Weight fac-
tors are calculated as standard deviations of Binomial
distribution given by 6; = /MP*(i)(1 — P*(i)), where M
is the total number of bins. Because M is usually large,
Binomial distribution is approximated well by normal
distribution and therefore the application of reduced >
criterion is justified.

The theoretical distribution P(n) was calculated
according to (15) and (16). Integration was performed
numerically by Simpson’s method with Richardson
correction (Lau 1995). Numerical solution of system of
nonlinear equations was done by Newton—Raphson
method (Press et al. 1992).

Results
Calculation of IG for FIDA by method of moments
According to the method of moments (see Theory) we

first calculate the theoretical factorial cumulants of P(n).
Substituting (15) into (5) yields

Ki=iT+) ch_/T/B(r) exp [(¢ — 1)¢,TB(r)]dV
J V
= lT‘F XIZCijT

J
Ke =0 cdiTh k=2,3,...,
J

&=l

(20)

where

L = /Bk(r)dV. (21)

Using the normalization condition from (14)
n=r"=1) we get:
Ki=(A+> ¢q)T

J
272
K =) ;T
J

Ke= 1) cidiT", k=3,4,...,
J

(22)

where y;, can be rewritten in terms of the unknown
parameters a and b. Substituting (13) into (21) yields

I = / (Boe™)* 4o(x + ax® 4 bx’)dx. (23)
0

From (14) and (23) we get expressions for By and A

By = Su/v, Ay = v/8u?, (24)
where
u=2a+6b+1 and v=2a+3b+2. (25)

All unknown parameters can be estimated from a sys-
tem, where theoretical factorial cumulants (22) are
equalized to the experimentally obtained ones (8). From
practical point of view, however, instability of high or-
der factorial cumulants of PCD may result in divergence
of numerical solution. Moreover, systems of nonlinear
equations are usually solved by iterative procedure and
thus require IG by its own. Therefore let us consider
more simple cases leading to solutions without iterative
calculations.

IG for one component system

According to the method of moments one has to write
one equation for each estimated parameter ¢, ¢, 4, a and
b. After analytical integration (23) over x and substi-
tuting into (22) we arrive at

Ki=A+ceq)T
K, = cqu2
64
Ky = e’ T (2a +2b +3) —
27v
(26)
d?
Ky =cq*T*(4a+3b+8)—
v
40964
Ks = cq’T°(10a + 6b + 25) ——.
s=cq T (10a ) 625,

System of nonlinear equations (26) can be solved ana-
lytically. From the first two equations we get expressions
for g and ¢

K K, — AT)?
2 and c:g.

(K1 — iT)T K> 27)

q =
Substituting (27) into the three last equations of system
26 yields the system for parameters ¢ and b

(10a + 6b +25)(2a +2b +3)  16875KsK;
(4a +3b +8)° 16 384K

(2a+3b+2)(4a +3b+8)  1024K4K>
(2a+2b +3)* 729K?

and the expression for A

64K3 (2a+2b+3)(2a+ 6b + 1)
27K; (2a+3b+2)° '

J=K — (29)

System 28 can be reduced to the fourth order poly-
nomial (see Appendix 1) with respect to a or b and be
solved either numerically, or analytically. If the discri-
minant of the polynomial is positive, the solution gives



us two real and two complex-conjugate roots (Korn and
Korn 1968). One real root (always represented by values
a=-7/2 and b=2) leads to singularity of the model
(¢=0 g=-oo, see 27) and must be omitted. Thus, only one
combination of parameters is admissible as IG. If the
discriminant is negative, four real roots are available.
One root is again represented by values a=—7/2 and
b=2 and must be omitted. Three other sets of parame-
ters are meaningful. Multiplicity of the admissible alge-
braic solutions is probably a consequence of the
combination of the observation profile approximation
from (13) and the normalization conditions given by
(14). This requires careful designing of the procedure for
selection of the unique and correct combination of
parameters. For example, to select the appropriate set
we can either reject unrealistic values, or to accept set of
parameters, ensuring the lowest value of %> criterion.

If 2 is known (it can be estimated from additional
measurements of background signal using the formula
A=K /T={n)/T), system 26 is simplified to four equa-
tions. Then, using normalization conditions given by
(14), ¢ and ¢ can be estimated from (27) independently
from brightness profile parameters a and b. The esti-
mates for a and b are calculated from third and fourths
equations of system 26

64(2a+6b+1)2a+2b+3) _ (Ki—AT)Kz .
27(2a + 3b +2)° e B
4Q2a+6b+ 1) (4a+3b+8) (K —AT)’Ky
(2a+3b+2) Y
(30)

In general, all y, can be calculated from the factorial
cumulants

K — ATk,

Tk = % (31)
The way of solution of system 30 is equivalent to that of
system 28. It can be also reduced to the fourth order
polynomial and thus a possibility to get a number of
roots remains.

If / is fixed, then ¢ and ¢ are independent from « and
b. So, for any combination of ¢ and b there exists the
same set of ¢ and ¢. All possible combinations of @ and b
are roots of system 30, which give the same values for
observation volume integrals y;, so one should get the
same PCD for all those combination of parameters. As a
consequence, the value of y? criterion should be the same
for all those roots. Subsequently setting physically
meaningful ranges for parameters might be a more
attractive way of selection of roots, than the minimiza-
tion of y°. For further simplification we may assume
A=0. In that case we get the well known formulas (Chen
et al. 1999, 2000, 2002) for ¢ and ¢

_ K (An?) —(n)

T (myT

_ kP (n)*
K, (An?) — (n)

(32)
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And the last possibility is to ignore A, but as can be
clearly seen from comparing (27) and (32), this will result
in overestimation of the concentration and consequently
in underestimation of the brightness.

IG for two component system

To calculate IG for two component system we define
seven equations for the factorial cumulants

Ki = (A+ciqi+c292)T
K> = (c1q7 + c2q3) T*

64u
_ 3 3\ 73
Kz = (c197 + c295)T° (2a + 2b + 3)W
4 4\ 4u?
K4 = (Cl‘h + C2q2>T (461 + 3b + 8)? (33)
40963
K5 = (Clq? + czqg)TS(IOa + 6b —+ 25)W
4096u*
_ 6 6 76
Ko = (c1q1 + c2q2)T"(2a + b +6) — <
K7 = (c1q] + c2q5)T7 (14 +6b+49)ﬁ
7T T . 240156

System 33 can be solved numerically. However, since
high order factorial cumulants are very much affected by
noise, the solution is not entirely reliable. Therefore, let
us consider some simplifications.

Known background 1f the background is known, the first
equation will take the form K; — 2 T=(c¢; g1 +¢> ¢2)T
and the last one can be omitted. Such a set of equations
can be solved numerically and used for calculation of
IG. Still, unstable high order moments are required and
additional simplification might be useful.

Known background and instrumental parameters a and
b In that case system 22 will take the form

Ky —iT = (c191 + 2q2)T
K> = (ca1q; + e23) T
K3/15 = (c1qy + c23) T
Ka/14 = (c1q] + c2g3) T,

(34)

where y3 and y4 can be calculated from « and b (see 30).
System 34 can already be solved analytically (see
Appendix 2). In the given approximation, however, it is
important to have accurate values for the instrumental
parameters ¢ and b. The true parameters a and b are
intrinsic to the optical configuration of the instrument
used and should be stable from measurement to mea-
surement. So, it is sufficient to accurately fit the first
measurement and then to use the obtained parameters a
and b as an approximation for the whole experiment.
This might be useful for batch processing of data, where
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a number of measurements under the same experimental
conditions are required.

If no estimates for a and b are available, the following
method may be used. The admissible ranges of param-
eters @ and b are subdivided into a number of sections
and IG are generated for each section. Finally the set of
parameters with the lowest value of y* criterion is ac-
cepted. Since IG generation is performed by noniterative
calculations it is not time consuming approach.

Testing of the developed algorithm

The common routine of algorithm testing for IG gener-
ation includes consecutive tests on noise-free data, then
on noisy simulated data, and finally on measured data.

For testing of IG on noisy simulated data several
series of PCD with different S/N were generated (50 in
each series). The initial value for signal to noise ratio
(S/N;) was taken as the square root of the value at the
maximum (this is a simplification, the actual S/N ratio
depends on the maximal value of the theoretical PCD
and is always higher, see Materials and methods). In each
simulated experiment for each PCD IG were calculated,
then the obtained IG were combined for calculation of
average and standard deviation. The bin time 7 was
5%107° s, if not indicated otherwise. If the calculation of
1G leads to numerical errors or obtained values are out of
acceptable ranges, the simulation was repeated once
again in order to achieve 50 PCD in the series.

Testing IG for one component system on simulated data

To evaluate the precision of the numerical model, we
have simulated an experiment with noise-free one com-
ponent PCD, and IG were estimated using (27)—(29). The
obtained IG slightly differs from the values, which were
used in the simulation. The error originates from the
difference in numerical algorithms used for simulation of
PCD and calculation of IG. Numerical integration on a
finite region and FFT introduce distortions in the simu-
lated PCD. These small systematic errors will also
propagate into the factorial cumulants thereby affecting
to a greater extent cumulants of higher order. Thus,

accuracy of IG depends strongly on the order of used
cumulants. In our experiment the relative error was
about 0.01% for all parameters except for A (1.4%).
Fixing 4 decreases the order of used factorial cumulants
to two (27). If, in addition, we fix it to the true value, the
relative error for ¢ and ¢ is reduced up to four orders.
When / is fixed, we need only the third and the fourth
order cumulants (30) to estimate ¢ and b. Elimination of
the fifth order cumulant decreases the error for a and b
up to two orders. The relative error for A is the biggest
among the other parameters. A simulation with varying 4
shows that the error depends on the difference of A from
the product of ¢ and ¢g. When s close to g*c, the error of
A is of the same order of magnitude as the error for ¢ and
it increases with decreasing 4. This is a property of the
model, where 4, ¢ and ¢ are essentially interrelated (see
27). It is also obvious that it is hardly possible to estimate
background contribution with sufficient accuracy if only
a small amount of photons are due to background.

To evaluate the accuracy of IG on noisy simulated
PCD several series of PCD with a different S/N ratio
were simulated. Results of calculation of 1G using (27)—
(29) are summarized in Table 1. For high S/N ratio the
robustness of IG generation was high enough: less than
2% of simulated PCD leads to physically unacceptable
IG, i.e. negative 4 or parameters a and b being out of the
predetermined admissible bounds. At lower S/N (with S/
N; less than 1,000) about 50% of PCD results in unac-
ceptable combinations of parameters. The clear bias in A
for low S/N is not a property of the tested method; it is a
consequence of rejection of negative A. The same simu-
lation repeated with fixed A gives significantly better
results (see Table 2). No deficient IG were generated
even for S/N; as low as 20. Even for these very low S/N
ratios, IG are close to the true values.

In order to test the influence of the background and
compare algorithms where / is free or fixed the IG were
estimated from the simulated data with different back-
ground levels. The S/N; was chosen equal to 1,000.
According to the first algorithm we estimated all
parameters (including A) using (27)—(29). In the second
algorithm, 4 was fixed to 1,000 regardless of the value
used in for simulations and the other parameters were
calculated according to (27) and (30). The results are
shown in Table 3. Performed experiments have shown

Table 1 IG calculated for one component PCD simulated with different S/N using (27)—(29) (see Appendix 1 for details)

Parameter Used for simulation 1G

S/N;=17,000 S/N;= 15,000 S/N;= 3,000 S/N;= 1,000 S/N;= 500
¢ 5 4.994+0.126 4.921+0.145 4.882+0.205 4.3274+0.542 4.037+0.728
q 20,000 20,016 +252 20,165+298 20,253 +436 21,633 +1,462 22.5464+2,158
2 2,000 2,064 + 1,260 2,804+ 1,459 3,208 £2,086 9,170 £+ 5,948 12,492 + 8,267
a -1 -0.999+0.019 -0.987+£0.023 -0.980+0.034 -0.853+0.152 -0.732+0.274
b 0.5 0.500+0.002 0.499 +0.002 0.499+0.003 0.495+0.009 0.503+0.020

If A becomes negative or parameters a and b exceed the bounds (-2, 0); (0, 2), IG were not included in calculation of average and standard
deviations. The clear bias in A for low S/N is not a property of the tested method; it is a consequence of rejection of negative 4
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Table 2 IG calculated for one component PCD simulated with different S/N using (27) and (30) (see Appendix 1 for details)

Parameter Used for simulation I1G (2=1,000)

S/N;=1,000 S/N;= 500 S/N;=300 S/N;=100 S/N;=50
¢ 5 5.000 £+ 0.006 4.998+£0.016 4.999+£0.025 5.005+0.079 4.999+0.107
q 20,000 20,002 +24 20,008 + 69 20,003+ 107 19,995+ 336 20,029 £455
a -1 —1.000 £ 0.004 —1.000 £0.008 -1.006 £0.015 -1.027£0.051 -1.048 £0.106
b 0.5 0.500 +0.008 0.502+0.020 0.514+0.033 0.496 +0.108 0.522+0.183

A used for simulation was fixed during the analysis

Table 3 Calculation of IG on simulated data with different level of background according to (27)—(29) (first case: 4 is estimated) and (27)

and (30) (second case: A is fixed)

Parameter Used for simulation A 1G
A = 20,000 A = 10,000 A = 5,000 A = 500 A = 200

2 Varied Estimated 19,5934+9,262 14,066+6,736 9,536+6,106  8,147+5,689  7,762+5,209
Improper IG, (%) 5 20 32 45 60

c 5 Estimated 5.083+0.920 4.6234+0.655 4.574+0.571 4.2794+0.514 4.287+0.470
Fixed to 1,000 7.082+£0.010 5.942+0.008 5.409+0.007 4.950+0.007 4.921+£0.007

q 20,000 Estimated 20,090+1,930 20,953 +1,455 21,048+1,439 21,746+1,437 21,700+1,308
Fixed to 1,000 16,804 +25 18,3444+ 26 19,226 4+27 20,100 +29 20,161 +30

a -1 Estimated -0.976+£0.167 -0.915+0.124 -0.906+0.145 -0.839+0.186 —0.848+0.143
Fixed to 1,000 -1.2124£0.005 -1.1154+0.005 -1.056+0.004 —0.9914+0.004 -0.987+0.004

b 0.5 Estimated 0.503+0.010 0.498+£0.008 0.497+0.010 0.497+0.013  0.496+0.007
Fixed to 1,000 0.527+£0.007 0.513+£0.009 0.505+0.010 0.496+0.008  0.49540.008

The percentage of improper IG, with either negative 4 or parameters a and b exceeded the bounds (-2, 0); (0, 2), is present. Since no
improper IG were calculated for the second case the percentage is given only for the first one. S/N ratio for all simulations was 1,000 and 4
was fixed to typical for real measurements value 1 kHz in the second case

that the standard deviations in the second case are
independent of the background level used in simula-
tions. The subtraction of A from the first factorial
cumulant does not influence estimation precision but
introduces bias, which depends on the difference of
/A used in analysis from the actual one. In the case, where
A is free, for the same observation volume, defined by
constants a and b, the accuracy of determination of A
increases and the accuracy of ¢ and ¢ decreases with
decreasing the difference between A and ¢*c (it is evident
when the relative errors are compared, data not shown),
as it can be expected from the form of (15). This cor-
responds to the results obtained from the analysis of
noise-free data. Finally, the accuracy of parameters a
and b does not depend on the difference between A and
g*c as one would expect as well from (15).

To conclude, we recommend using a fixed 4, because
it provides robust and accurate estimates without any
significant bias for the other parameters. If 4 is close to
g*c, the first approach gives acceptable accuracy for A
and can also be used for IG generation.

Testing IG for a two component system on simulated data

For evaluation of IG for two-component model we
simulated a number of PCD with different parameter
values and different S/N ratios. IG were estimated using

(33). We observed that just for few sets of parameters
and an extremely high level of S/N the numerical solu-
tion of system 33 (by the Newton—Raphson method) was
obtained. The result becomes more robust with fixed /.
Reduction of the order of factorial cumulants by one
improved the accuracy and robustness of the calculation
and allows practical use for lower S/N ratio. But the
numeric solution was still unstable due to poor conver-
gence.

Significantly better results were obtained, when sys-
tem 34 was used for IG generation. Reduction the order
of cumulants to four and the availability of a straight-
forward noniterative solution (see Appendix 2) im-
proves the accuracy and robustness. Even for low S/N
ratios this approach gave correct estimations for con-
centrations and brightness (see Table 4).

Testing IG for a one component system on measured data

To evaluate the IG generation algorithm on real data we
measured Alexa 488 dye. The counting time interval T
was chosen at about five times less than the average
diffusion time of the measured sample. IG were calcu-
lated using (27) and (30) since analysis of simulated data
proved that fixing A gives more accurate and robust IG.
Background was estimated from additional measure-
ments of pure solvent. The quality of IG was evaluated
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Table 4 1G calculated for two components PCD simulated with different S/N resulted from solution of system 34 (see Appendix 2 for

details)
Parameter Used for simulation 1G
S/N;= 1,000 S/N;=500 S/N;=200 S/N;=100
cy 10 9.99+0.13 9.99+0.18 9.86+0.45 10.11+£1.70
qi 20,000 19,883 + 635 19,747 £ 950 19,504 +2,248 18,2824+5,013
I 2 2.04+0.23 2.07+0.32 2.22+0.75 2.59+1.64
qo 50,000 49,847+ 1,404 49,783+ 1,802 49.7354+4,562 50,931+11,676

73 and y4 are calculated using (30). a=-1; »=0.5; 7.=1,000; T=2x10"s

Table 5 IG calculated for Alexa 488 using (27) and (30). Best fit parameters and reduced »? criterion are presented for evaluation of

quality of IG

2

Parameters ¢ q a b 1
1G 24916 18,500 —1.463 0.321 0.668
Best fit 24.923+0.189 18,500 + 141 —1.472+£0.0014 0.324+£0.0004 0.666

Confidential intervals for fit parameters were calculated as a square root of diagonal elements of variance—covariance matrix (4SE).
Background was estimated from additional measurements of pure solvent and fixed to 1.5 kHz. T=8x10"%s

by calculation of reduced y? criterion for both obtained
sets of parameters. Results of calculations are summa-
rized in Table 5 and shown on Fig. la. As it can be
clearly seen, estimations are in close agreement with
best-fit parameters (residuals calculated for IG and re-
turned from the best fit are almost perfectly overlapped).
At the same time, application of (27)—(29) leads to
unrealistic, overestimated values for A and slightly
biased estimations of ¢ and g¢.

An appropriate test of the IG generation algorithm
should include some kind of “‘efficiency evaluation”
procedure. It has to estimate robustness of analysis with
and without IG and demonstrate higher throughput of
analysis based on IG than without IG. To test this a
ratio of a number of fit iterations with IG and a number
of fit iterations without IG was calculated. In the last
case, starting from randomly distributed inside of an
admissible range IG, many fit iterations are required,
because the number of iterations strongly depends on
the proximity of chosen IG to the best fit parameters.
Then the number of iterations can be calculated as an
average of the number of iterations at each trial. The
calculated ratio was 5.1 and the proportion of improper
attempts to fit data from random IG (trapping into local
minima or failing to fit due to numerical errors) was
48.1% for Alexa 488 (see Table 5).

Testing IG for two component system on measured data

For evaluation of IG for a two-component model on
real data a measurement of a mixture of IgG labelled
with Alexa 488 and Fab fragment labelled with Cy2 was
performed. IG were calculated according to (34). An
algorithm consisting of generation of a number of 1G for
varying a and b, and finally accepting the one with

lowest »° was chosen. As the results (Table 6 and
Fig. 1b) clearly show, IG are in good agreement with
best fit parameters. The accuracy of such a method de-
pends on the step varying both a and b. Thus, one has to
find a balance between maximizing the accuracy of IG
and minimizing the time of calculations (this was chosen
as 0.1 for a and 0.05 for b, respectively, for given IG).
The ratio of a number of fit iterations with and
without IG for the given experiment was 8.6 and the

10
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w v measured —— |G residuals 3
— best fit —— best fit residuals
o] —===t
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1 '|
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Fig. 1 Best fit of the measured data and superimposed P(n)
calculated with IG and correspondent residuals. a Best fit and IG
of Alexa 488 (see Table 5 for numerical values of parameters).
Theoretical curves and residuals for both best fit and calculated
with IG are almost perfectly overlapped. b Best fit and 1G of
mixture of IgG labeled with Alexa 488 and Fab fragment labeled
with Cy2 (see Table 6 for numerical values of parameters).
Residuals corresponding to best fit and IG differ slightly at the
beginning though theoretical curves are almost indistinguishable
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Table 6 IG calculated for mixture of IgG labeled with Alexa 488 and Fab fragment labeled with Cy2

2

Parameters C qi C qz a b b
1G 5.477 32,099 0.387 90,770 —0.85 0.25 1.26
Best fit 5.166 £0.089 32,768 +872 0.528 £0.052 78,824 +2,511 —0.769+0.014 0.296+0.018 0.78

Best fit parameters and reduced y? criterion are presented for evaluation of quality of IG. Confidential intervals for fit parameters were
calculated as a square root of diagonal elements of variance—covariance matrix (4SE). Background was estimated from additional

measurements of pure solvent and fixed to 1.0 kHz. T=2x107"> s

proportion of improper fits starting from random IG
were 54.5%.

Algorithm of IG generation

Algorithm of IgG generation is summarized in Fig. 2. It
consists of rather independent branches for different
practical situations, i.e. different number of components,
fixing parameters to known values, etc. It’s important to
emphasizes once more, the accuracy of IG depends on

order of used cumulants and therefore in each particular
case one has to try to find solution using cumulants of
possibly minimal order.

Minima in y? criterion surface

Any theoretical model must be fully identifiable, i.e. a
unique set of parameters must describe particular data in
the best way, or in other words only one global mini-
mum must exist. However, this is not the case for FIDA.

Fig. 2 Algorithm of IG
generation for FIDA

| Calculate first five cumulants of the experimental PCD using Eq. 7 and Eq. 8.

L p

One component sample with known background and known instrumental parameters

Use Eq. 27 to estimate ¢ and q.

One component sample with unknown background and known instrumental parameters

Use Eq. 29 to estimate A, then Eq. 27 to estimate ¢ and q.

One component sample with known background and unknown instrumental parameters

Solve system 30 to estimate a and b and use Eq. 27 to estimate ¢ and g. To solve system
30 calculate coefficients of polynomial 40 using Eq. 38 and 37, find roots of the
polynomial (see e.g. Press et al., 1992 for details), then substitute them into Eq. 39.

One component sample with unknown background and unknown instrumental parameters

Solve system 28 with respect to @ and b, substitute obtained roots in Eq. 29 to get
estimations of A; calculate estimations of ¢ and ¢ using Eq. 27. To solve system 28
calculate polynomial coefficients by Eq. 36 and 35, find roots of the polynomial, then
substitute them into Eq. 39.

Two component sample with known background and known instrumental parameters

Solve system 34 either analytically using Eqs. 41, 46 - 48 (if Z; in Eq. 46 is positive
value) or numerically by seeking roots of the polynomial 44 and by Egs. 43, 45.

Two component sample with known background and unknown instrumental parameters

Subdivide acceptable range of a and b values (e.g. estimated from one component
measurements) into a number of sections, n and m.

L 4
Solve system 34 either analytically using Eqs.41, 46 - 48 (if Z, in Eq. 46 is
positive value) or numerically by seeking roots of the polynomial 44 and by Eqs.
43, 45. Coefficients of the polynomial are calculated using Eq. 41.

v

Reject physically unacceptable or unrealistic roots then try remains by ¥ criterion.
v
Store estimations of ¢;, ¢, g;, g- together with ;(2 and a, b in a form of matrix. Set
12 to the largest floating value if calculation of the theoretical P(n) has failed due
to any reason or no available roots are found for the given pair of g and b
]
Search the matrix for IG with minimal 32

nx m times

Select the best IG if a number of roots are available. To do it reject roots leading to singularity
of the model or physically unacceptable; try remaining roots by y~ criterion.

<_
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The existence of at least three minima related to different
pairs of a and b (with fixingl) was predicted theoreti-
cally. Fortunately, unique values for physically mean-
ingful parameters ¢ and ¢ hold for all possible
combinations of ¢ and b. As a and b are artificial
parameters introduced for the best approximation of the
actual observation profile (all possible combinations of a
and b generate precisely the same values for geometrical
factors ), the existence of several minima should not be
considered as a weak point of FIDA. For visualization,
the »* criterion was calculated varying both « and b.
Figure 3 shows a surface of 3> plotted versus  and b (¢
and g were fixed to values obtained from the best fit,
Table 5). There are three distinct minima in the plot,
separated by a plane where 7> goes to infinity. Indeed the
solution of system 30 gives three pairs of ¢ and b (see
Table 7). The inspection of the y* surface validates val-
ues shown in Table 7 as possible minima in the surface.
The existence of discontinuity points is evident from
(30): all geometrical factors y; tend to infinity when «
and b satisfy equation 2a+ 3b+2=0. Thus, the situation
is created by chosen normalization conditions in form of
(14) and makes the analysis more complicated because
of possible trapping into break point (or close to it) from
iteration to iteration.

Calculation of > has shown that there are minor
differences in y> criterion for those sets of parameters
(theoretically they must be the same). Because ¢ and ¢
are calculated independently from « and b and remain
the same and both three pairs of @ and b gives the same
values for y;, the difference may originate from inaccu-
racy in numerical calculation of PCD. Test on noise-free
simulated PCD have shown that very small deviation in
calculation of »? still present and thus originated pri-
marily from inaccuracy in numerical calculation.

In our calculations we often observe the values of the
y* criterion lower then 1. The low number of the degrees
of freedom in y° criterion is probably responsible for
that effect. Typically, the number of nonzero PCD
channels (actually used in y* calculation) is less then 20,

1
= N Wk 0D~ 0O

Fig. 3 Surface of ° plotted versus brightness profile parameters a
and b. ¢ and ¢ were kept equal to best fit values of Alexa 488 (see
Table 5). There are three distinct minima on the graph (see Table 7
for numerical values) that are separated by a plain where % goes to
infinity

Table 7 Solution of system 30 for Alexa 488 (see Table 5). Three
pairs of parameters ¢ and b, which ensures a comparable quality of
fit, are available

Parameters Set 1 Set 2 Set 3

a —1.393 —1.463 —4.643
b —0.861 0.321 3.539
P 0.732 0.668 0.711

which leads to essentially skewed »* distribution. To
illustrate that, we calculated Xz criterion for 1,000 sim-
ulated PCD differing in noise realization. The resulted
histogram of y? values is presented in Fig. 4. Though the
% values are distributed around unity with the average
1.007, almost 30% of values are well below 0.9 (the
lowest value is 0.34!). Thus, y*values below unity are just
a result of probable fluctuation from expected average
value, i.e. unity, and do not provide any additional
proofs the fit quality. The standard deviations of >
distribution and consequently the probability to obtain
7* lower then unity decrease, as the number of degrees of
freedom in ¥ criterion increases.

Discussion

Here we propose an effective method of IG generation
for FIDA. The test experiments demonstrated that
correct estimates are obtained not only for brightness
and concentration, but also for background and
brightness profile parameters. Since we have the esti-
mates for all model parameters and in the most cases
they are in close proximity to the best fit parameters, the
iterative procedure started from those estimates goes to
the global minima in just a few iterations. This in turn
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Fig. 4 Histogram of y* values for 1,000 simulated PCD differing
only in noise realization. Parameters of the simulated PCD were
kept as close as possible to reproduce measured PCD of Alexa 488
(see Table 5). Though the 2 values are distributed about unity with
the average 1.007, almost 30% of values are below 0.9



increases the speed and throughput of the analysis.
Moreover we showed that application of IG reduces the
probability of crashes due to numerical errors (division
by zero, overflows of exponential, etc) and obtaining
parameters outside the model domain by almost 50%.

Still, the developed algorithm has a few limitations.
Although the method of moments can deliver the
estimates for all parameters of a molecular system with
n-components, instability of high order factorial cumu-
lants of PCD puts rather strict limits on its practical
performance. We found that good results were obtained
using the first five cumulants. Higher cumulants may not
only distort the estimates but also very often lead to the
divergence of the numerical solution. Thus, IG for only
one and two component models can be calculated with
sufficient accuracy. One could extend the calculations
for three or even more component system, but practi-
cally we are most likely restricted to a two component
system, which anyway covers most of the current
applications. Analysis of simulated data has shown, that
it is possible to find an appropriate IG for a three
component system, but the robustness of the calcula-
tions was quite poor. In addition, normalization condi-
tions chosen for FIDA imply the existence of
discontinuity points in the model domain. It makes the
analysis more complicated because of possible trapping
into break point or close to it from iteration to iteration.

Finally, one interesting feature revealed in the de-
tailed mathematical analysis of FIDA model should be
emphasized. The model of observation profile and
normalization conditions assumed in FIDA implies the
existence of three sets of parameters for one compo-
nent model, which may be used as IG. If the back-
ground is fixed, all three sets of parameters ensure a
comparable quality of the fit. All obtained combina-
tion of parameters are acceptable and the y° criterion
cannot help to choose the best one. Analysis of a large
amount of simulated and measured data has shown
that pairs of ¢ and b differ much in their values. For
example one pair has both negative values and an-
other one, though having opposite signs, differs in
values in several times. Taking into account that ¢ and
b are instrumentation parameters and are more or less
stable from measurement to measurement, one can set
the reasonable margins and use them for the roots
selection. Existence of discontinuity points in model
domain and a number of possible minima requires
further comprehensive numerical and statistical anal-
ysis of the FIDA model.

Besides generation of the IG the proposed method
can also be used independently for estimation of
brightness and concentrations of measured samples with
sufficient accuracy. However, the method of moments
itself gives no insight in the statistical quality of data
(Muller 2004). Therefore we invested so much time in
evaluation of applicability and limitations of this
method. And finally, the application of our algorithm is
not limited by FIDA, but with minor changes it might
be implemented in PCH and FCA.
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Appendix 1

System 28 can be written in the following way
a?(16u — 20) + b*(9u — 12) + 8ab(3u — 4)
+ 16a(4u — 5) + b(48u — 68) + (64u — 75) =0
a*(4v —8) + b*(4v — 9) + 2ab(4v — 9) + 12a(v — 2)
+b(12v — 30) + (9v — 16) = 0,

(35)
where
16 875K5K5 1 024K4K>
= 7 = 5] (36)
16 384K 729K;

Similarly, for system 30
4a*(u— 1) 436> (3u — 4) + 4ab(3u — 4) + 8a(u — 1)+
4b(3u—5)+ (4u—3)=0
a*(dv — 8) + b*(6v — 18) + ab(10v — 30) + a(100 — 20)+
b(13v—51) + (6v—8) =0,
(37)
where
_ 27K3(Ky — AT)
64Ky

 16K4(K; — T)

38
27TK>K3 (38)

The both systems 35 and 37 can be reduced to a fourth
order polynomial and solved either analytically or
numerically. Denote factors after a*, b*, ab,a,b,l in Sys-
tem 35 (derivation is also valid for system 37) as A;—Ag
(first equation) and B;—Bg (second equation) conse-
quently. Combining equations from system 35 leads to
the estimate for b

Dlaz + Dsa + Ds
Dra + Dy ’
where D] :Al BQ — A2 Bla 02:A3 Bz — A2 B3, D3:A4
By — Ay By, Dy=As By — Ay Bs, Ds=Ag By — A> Bg.
Substitution (39) into second equation of system 35
yields the fourth order polynomial

b= (39)

(B\D? + ByD} — BsDyDy)a*
+ (2B1D1Dy + 2B2D1 D3 — B3D Dy — B3DyD3+
BuD3 — BsDDy)a’
+ (B\Dj + B2D3 + 2B,D  Ds — B3D3Dy — B3D1Ds
+ 2B4DyD4 — BsD Dy — BsDyDs3 + BgD3)d?
+ (2B,D3Ds — B3DyDs + ByD; — BsD3Dy — BsD,Ds
+2B¢D1Dy)a
+ (BaD? — BsDyDs + BgD3) = 0.
(40)
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If the discriminant of the polynomial is positive value, a
real valued analytical solution is available for a. There
are two real and two complex-conjugate roots in that
case (Korn and Korn 1968). One real root (always rep-
resented by values a=—7/2 and h=2) leads to singu-
larity of the model and must be omitted. If discriminant
is negative, four real roots are available and numerical
algorithms are required to evaluate the roots of the
polynomial.

Appendix 2

System 34 can be reduced to third order polynomial and
solved either analytically or numerically. Denote left
hand parts in system 34 as

(K1 —AT)/T =4,

K /T =4,

27(2a+3b+2)°K3/64(2a+2b+3)(2a+6b+1)T> = 45

(2a+3b+2)*Ky4/4(4a+3b+8)(2a+6b+1)"T* = 4,.
(41)

After reducing system 34 with respect to q; we arrive at

Arerqs —24502¢3 +Arcagi — ArAs+A3=0
{Alczq‘z‘ — Ar02g3 — A3023 + Ascaqy — A1As + A2 A3 =0.
(42)
From first equation we get expression for c,
ArAs — A3
T A~ 24543 + Aadd

(43)

(&)

and after substitution (43) into second equation of sys-
tem 42 we arrive at third order polynomial

(4345 — A3A1)q3 + (2414344 — 4345 — A243)q3

(44)
+ (A = A A3)qa + (A3Ay — A2A) = 0.,
Finally
Az — g3 A —
q]:37czq§7 6121702612. (45)
A2 — g3 q1

If the discriminant of the polynomial is positive value, a
real valued analytical solution is available (it can be
easily obtained by using symbolic toolbox in Matlab
(http://www.mathworks.com) or Mathcad (http://
www.mathcad.com). If we denote

7y = A3A7 — 641424344 — 34345 4 44, A3 + 44,43
Zy = A3A% 4+ 4345243 — 54,44) + 34,4443 — 4345
Zy = A3Ay — 2414245 + A3

then

 VZ| — A1 Ay + Ax A3  VZi 4 A1 Ay — Ax43

9 :
2(43 — A143) 2(4145 — 43)
(47)
VZiZr + 21 Z3 NAVLREVAVA
c] = = (48)

 271(ArAs — A3)’ 271(A} — AxAs)’

If the discriminant of the polynomial is negative, two or
three real roots are available. They can be found by the
numerical seeking roots of the polynomial.
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